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0. Introduction
Totally geodesic submanifolds in symmetric spaces are also symmetric spaces and they are the so-called subspaces in the
category of symmetric spaces. In [2], B.Y. Chen, P.F. Leung and T. Nagano gave the algorithm to determine the stability of to-
tally geodesic submanifolds in compact symmetric spaces. Later Y. Ohnita reformulated it in [14]. Subsequently, many results
about the stability of totally geodesic submanifolds in compact symmetric spaces were obtained by using Ohnita’s formula.
Ohnita proved that every Helgason sphere in each compact symmetric space is stable [14]. K. Mashimo and H. Tasaki proved
that every closed Lie subgroup of Dykin index 1 in every compact simple connected Lie group is stable [10]. Mashimo also
determined all of the unstable Cartan embeddings of compact symmetric spaces [9]. Moreover, there are results about the
stability of symmetric R-spaces in Hermitian symmetric spaces [15] and the stability of polars and meridians [16].
In this paper, by using Ohnita’s formula we determine the stability of the maximal totally geodesic submanifolds in
compact symmetric spaces of rank two which were classiﬁed in [6].
1. Totally geodesic submanifolds in compact symmetric spaces
We introduce a “polar” and the “meridian” in a compact symmetric space which were ﬁrst introduced by Chen–Nagano.
Deﬁnition 1.1. (See [4].) Let o be a point in a symmetric space N . We call a connected component of the ﬁxed-point set
of so , the symmetry at o, in N a polar of o and we denote it by N+ or N+(p) for a point p in N+ . We call the connected
component of the ﬁxed-point set of sp ◦ so in N through p the meridian of N+(p) in N and denote it by N−(p) or simply
by N− . When a polar consists of a single point, which differs from o, we call it a pole.
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and the corresponding meridian were known for each compact connected Riemannian symmetric space [4,12,13]. One of
the most important properties of them is that every compact connected symmetric space N is determined by one pair of
(N+(p),N−(p)) completely [13]. N+ is an isotropy orbit and N− has the same rank as N has.
Deﬁnition 1.3. (See [5].) Let N be a compact connected Riemannian symmetric space and o be a point in N . And we suppose
that there is a pole p of o in N . Then we call the set consisting of the midpoints of the geodesic segments from o to p
the centrosome and denote it by C(o, p) or simply by C . We note here that each connected component of the centrosome,
which is called a centriole, is a totally geodesic submanifold in N .
Deﬁnition 1.4. Let M be a totally geodesic submanifold in N and let p be a point in M . We denote by T⊥p M the orthogonal
complement to T pM in T pN . If there is a totally geodesic submanifold M⊥ in N through p whose tangent space at p
coincides with T⊥p M , then M⊥ is called the orthogonal complement to M in N at p.
Remark 1.5. A polar N+(p) and the meridian N−(p) are the orthogonal complements to each other in N at p.
Deﬁnition 1.6. (See [8].) Let N be a Riemannian manifold and let M be a submanifold in N . M is a reﬂective submanifold if
M is a connected component of the ﬁxed-point set of some involutive isometry of N .
Remark 1.7. Any reﬂective submanifold is a totally geodesic submanifold. Hence any reﬂective submanifold in a Riemannian
symmetric space is a Riemannian symmetric space.
Proposition 1.8. (See [8].) Let M be a submanifold in a Riemannian symmetric space N, then M is a reﬂective submanifold if and only
if M and M⊥ are totally geodesic submanifolds.
Next, we introduce a “reﬂective” subspace in a Lie algebra which corresponds to a reﬂective submanifold.
Let (U , L) be the symmetric pair associated with N = U/L and let u = l ⊕ p be its canonical decomposition. Now we
identify p with ToN as usual.
Deﬁnition 1.9. (See [8].) A linear subspace m in p is said to be reﬂective if both m and its orthogonal complement m⊥ are
Lie triple systems satisfying [[m,m⊥],m] ⊂ m⊥ and [[m,m⊥],m⊥] ⊂ m. It follows easily from the deﬁnition that m⊥ is also
a reﬂective subspace which satisﬁes [[m,m],m⊥] ⊂ m⊥ and [[m⊥,m⊥],m] ⊂ m. A pair (m,m⊥) is called a complementary
pair of reﬂective subspaces.
By the well-known correspondence between Lie triple systems and totally geodesic submanifolds (cf. [7]) we obtain the
following theorem immediately.
Theorem 1.10. Let N = U/L be a simply connected Riemannian symmetric space and let u = l ⊕ p be its canonical decomposition.
Then, there is a one-to-one correspondence between the set of reﬂective subspaces m in p and the set of reﬂective submanifolds M
through the origin o in N. The correspondence is given by the isomorphism m ∼= ToM ⊂ ToN under the identiﬁcation p ∼= ToN.
Next we refer to a Hermann action. It seems that there is close relation between Hermann actions and reﬂective sub-
manifolds.
Deﬁnition 1.11. An isometric action of a compact Lie group H on a compact Riemannian symmetric space N = U/L is called
a Hermann action if the pair (U , H) is a symmetric pair.
Proposition 1.12. Let N = U/L be a compact Riemannian symmetric space and let M be a reﬂective submanifold through the origin o
in N. Then M is a totally geodesic orbit of a Hermann action.
Proof. Let m ∼= ToM be a subspace in p ∼= ToN which is a Lie triple system associated with M . We denote the set
{X ∈ l | ad(X)m = m} by k and put h := k ⊕ m. Then h naturally becomes a Lie subalgebra of u and gives the canonical
decomposition of M . Let H be the connected closed Lie subgroup of U with the Lie algebra h. Then the orbit H · o through
o is totally geodesic and coincides with M because both H · o and M are connected and totally geodesic and their tan-
gent spaces at o, which are isomorphic with m, coincide. By the assumption, there is an involutive isometry τ of N such
that F (τ ,N)(o) = M , where F (τ ,N) denotes the ﬁxed-point set of τ and F (τ ,N)(o) denotes the connected component of
F (τ ,N) through o. Since the isometry τ of N leaves M invariant and M is a reﬂective submanifold, there exists the involu-
tive automorphism τ ′ of u corresponding τ such that τ ′ leaves h invariant by [8]. Thus (u,h) is a symmetric pair with the
involutive automorphism τ ′ . Hence the action of H on N is a Hermann action by Deﬁnition 1.11. 
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In this section, we give a review of stability of totally geodesic submanifolds in compact symmetric spaces.
Deﬁnition 2.1. Let M be a compact totally geodesic submanifold immersed in a compact irreducible Riemannian symmet-
ric space (N,h) and we denote the immersion by f :M → N . Then f is stable if the second derivative of the volume
Vol(M, f ∗t h) at t = 0 is non-negative for every smooth variation { ft} of f with f0 = f .
The second variation formula of Vol(M, f ∗t h) is given as follows:
d2
dt2
Vol
(
M, f ∗t h
)∣∣∣∣
t=0
=
∫
M
〈
J (V ), V
〉
dv,
where dv denotes the Riemannian measure of (M, f ∗h) and V is an element of Γ (N(M)), the space of smooth sections of
the normal bundle N(M) of M . Here J is deﬁned as
J = −⊥ − A f + R f ,
where ⊥ is the rough Laplacian of N(M), A f and R f are smooth sections of End(N(M)) deﬁned by 〈A f (u), v〉 =
Tr f ∗h(Au Av) and 〈R f (u), v〉 =∑dimMi=1 〈RN (ei,u)ei, v〉 for u, v ∈ Γ (N(M)), where {ei} denotes an orthonormal frame of tan-
gent bundle T (M). J is a self-adjoint strongly elliptic linear differential operator and has discrete eigenvalues μ1 < μ2 <
· · · < ∞. We put Eμ = {V ∈ Γ (N(M)) | J (V ) = μV }, then dim Eμ < ∞.
Deﬁnition 2.2. The index of f is the number
∑
μ<0 dim Eμ , denoted by index( f ). Clearly, f is stable if and only if
index( f ) = 0.
We assume that f : M = G/K → N = U/L is a totally geodesic embedding. We denote the Lie algebras of G and U by g
and u respectively. Let g = k ⊕ m and u = l ⊕ p be the canonical decompositions of M and N respectively. We have the
decomposition u = g ⊕ g⊥ as a G-module and l = k ⊕ k⊥ and p = m ⊕ m⊥ as K -modules, where m (resp. m⊥) is isomorphic
with ToM (resp. T⊥o M) as a K -module. We decompose g⊥ into the sum of simple G-modules g⊥i and we denote by μ the
representation of G on g⊥ and by μi the irreducible representation of G on g⊥i (1  i  k). We have the decompositions
g⊥i = k⊥i ⊕ m⊥i as K -modules where k⊥i = k⊥ ∩ g⊥i and m⊥i = m⊥ ∩ g⊥i for each i (1 i  k).
Theorem 2.3. (See [14].) With the above notation, the index of f is given as follows:
index( f ) =
k∑
i=1
∑
λ∈D(G)
aλ>ai
dimHomK
(
Vλ,
(
m⊥i
)C)
dim Vλ
where D(G) denotes all the equivalence classes of complex irreducible representations of G, Vλ denotes the representation space of an
element λ in D(G), aλ denotes the eigenvalue of the Casimir operator of λ, ai denotes the eigenvalue of the Casimir operator of μi and
HomK (Vλ, (m⊥i )
C) denotes the K -module homomorphisms from Vλ into the complexiﬁcation (m⊥i )
C of m⊥i .
Lemma 2.4. If N is a Hermitian symmetric space and M is a totally geodesic submanifold in N which is a Hermitian symmetric space,
then M is stable.
Proof. This follows the fact that every complex submanifold in a Kähler manifold is stable. 
Lemma 2.5. If N is a quaternionic Kähler symmetric space and M is a quaternionic Kähler submanifold in N, then M is stable.
Proof. This follows the fact that every quaternionic Kähler submanifold in a quaternionic Kähler manifold is homologically
volume-minimizing in its real homology class [17]. 
3. Stability of maximal totally geodesic submanifolds in compact symmetric spaces of rank two
In this section we determine the stability of all maximal totally geodesic submanifolds in every compact simply con-
nected irreducible symmetric space of rank two.
In [6], we obtained the global classiﬁcation of the maximal totally geodesic submanifolds in compact simply connected
irreducible symmetric spaces of rank two which is shown in Table 1.
From now on we assume that f : M = G/K → N = U/L is a totally geodesic embedding, where N is a compact simply
connected irreducible symmetric space of rank two and M is a maximal totally geodesic submanifold in N .
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Maximal totally geodesic submanifolds in compact symmetric spaces of rank 2
N Maximal totally geodesic submanifolds in N
AI(3) RP2, S1 · S2
SU(3) AI(3), SO(3), CP2, S1 · S3
AII(3) SU(3), CP3, HP2, S1 · S5
EIV AII(3), HP3, S1 · S9, OP2
Go2(R
n+2) (n 3) Go2(Rn+1), S p · Sq (p + q = n), CP [
n
2 ]
Sp(2) Go2(R
5), S1 · S3, S3 × S3, S4
G2(H4) Sp(2), HP2, S1 · S5, S4 × S4, G2(C4)
GI AI(3), CP2, S2 · S2
G2 GI, SU(3), S3 · S3
G2(Cn+2) (n 3) G2(Cn+1), G2(Rn+2), CPk × CPl (k + l = n), HP [ n2 ]
G2(Hn+2) (n 3) G2(Hn+1), G2(Cn+2), HPk × HPl (k + l = n)
DIII(5) Go2(R
8), G2(C5), SO(5), S2 × CP3, CP4
EIII G2(H4)/Z2, OP2, S2 × CP5, DIII(5), G2(C6), Go2(R10)
Notation 3.1. We follow the notation of [1] concerning the numbering of the fundamental weights. T denotes U (1) and we
denote its representation also by T .
Now, we examine the stability of the maximal totally geodesic submanifolds in each N case by case.
3.1. Type A2
Case of AI(3) = SU(3)/SO(3).
Proposition 3.2. (See [6].) Any maximal totally geodesic submanifold M in AI(3) is isomorphic with RP2 or S1 · S2 .
RP2 is a polar and S1 · S2 is its meridian in AI(3) [12]. By [16] RP2 is unstable and S1 · S2 is stable in AI(3).
Case of SU(3) = (SU(3) × SU(3))/SU(3).
Proposition 3.3. (See [6].) Any maximal totally geodesic submanifold M in SU(3) is isomorphic with one of AI(3),CP2,RP3 and
S1 · S3 .
CP2 is a polar and S1 · S3 is its meridian in SU(3) [12]. By [16] CP2 is unstable and S1 · S3 is stable in SU(3). Since
AI(3) is an image of the Cartan embedding, by [9] AI(3) is unstable. SO(3) is unstable because only stable 3-dimensional Lie
subgroup in SU(3) is SU(2) [10].
Case of AII(3) = SU(6)/Sp(3).
Proposition 3.4. (See [6].) Any maximal totally geodesic submanifold M in AII(3) is isomorphic with one of SU(3),CP3,HP2 and
S1 · S5 .
HP2 is a polar and S1 · S5 is its meridian in AII(3) [12]. By [16] HP2 is unstable and S1 · S5 is stable in AII(3).
SU(3) and CP3 are orthogonal complements to each other and they are reﬂective submanifolds in AII(3) by [8].
Proposition 3.5. An inclusion map f : G/K = (SU(3) × SU(3))/SU(3) → U/L = SU(6)/Sp(3) is unstable.
Proof. Since SU(3) is a reﬂective submanifold in AII(3), SU(3) is a totally geodesic orbit of a Hermann action of H =
T ·(SU(3)×SU(3)) by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u, where g = su(3)⊕su(3)
and u = su(6). We have u = ρ(g) ⊕ g⊥ , where g⊥ is the orthogonal complement to ρ(g) in u. g⊥ is a g-module and we
have a simple g-module decomposition g⊥ = g⊥1 ⊕ g⊥2 , where g⊥1 ∼= R and g⊥2 ∼= ToG3(C6). We denote each irreducible rep-
resentation of g on g⊥i by μi (i = 1,2). The representation μ1 is trivial and μ2 is equivalent to the isotropy representation
of G3(C6) as a g-module. By using Freudenthal’s formula, we ﬁnd that the eigenvalue of the Casimir operator of μ2 is equal
to −16/3. Thus we have the index( f ):
index( f ) =
∑
λ∈{0, 1(A2)+0,0+1(A2),
2(A2)+0, 0+2(A2)}
dimHomSU(3)
(
Vλ,
(
m⊥2
)C)
dim Vλ.
Here we denote by μ + ν for μ,ν ∈ D(SU(3)) the irreducible representation with the representation space Vμ ⊗ Vν . Since
m⊥ is isomorphic with ToCP3, a SU(3)-action on m⊥ is equivalent to the isotropy representation of CP3 as a SU(3)-module.2 2
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as a SU(3)-module. Therefore index( f ) = 0. 
Proposition 3.6. An inclusion map f : G/K = SO(6)/U (3) → U/L = SU(6)/Sp(3) is unstable.
Proof. Since CP3 is a reﬂective submanifold in AII(3), CP3 is a totally geodesic orbit of a Hermann action of H = SO(6)
by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u, where g = so(6) and u = su(6). We have
u = ρ(g) ⊕ g⊥ , where g⊥ is the orthogonal complement to ρ(g) in u. g⊥ is a simple g-module, g⊥ ∼= ToAI(6). We denote
the irreducible representation of g on g⊥ by μ. The representation μ is equivalent to the isotropy representation of AI(6)
as a g-module. By using Freudenthal’s formula, we ﬁnd that the eigenvalue of the Casimir operator of μ is equal to −12.
Thus we have the index( f ):
index( f ) =
∑
λ∈D
dimHomU (3)
(
Vλ,
(
m⊥
)C)
dim Vλ,
where D = {0,1(A3),2(A3),3(A3),22(A3),23(A3), (1 + 2)(A3), (2 + 3)(A3), (1 + 3)(A3)}. Since m⊥ is
isomorphic with ToSU(3), a SU(3)-action on m⊥ is equivalent to the isotropy representation of SU(3) as a SU(3)-module.
Thus we obtain (m⊥)C ∼= V (1+2)(A2) as a SU(3)-module. As for λ = (2 +3)(A3), by [11] we have the following decom-
position as a SU(3)-module:
V (2+3)(A3) = V22(A2) ⊕ V (1+2)(A2) ⊕ V1(A2) ⊕ V2(A2).
Therefore index( f ) = 0. 
Case of EIV = E6/F4.
Proposition 3.7. (See [6].) Anymaximal totally geodesic submanifold M in EIV is isomorphic with one of AII(3),HP3, S1 · S9 andOP2 .
OP2 is a polar and S1 · S9 is its meridian in EIV [12]. By [16] OP2 is unstable and S1 · S9 is stable in EIV .
AII(3) and HP3 are orthogonal complements to each other and they are reﬂective submanifolds in EIV by [8].
Proposition 3.8. An inclusion map f : G/K = SU(6)/Sp(3) → U/L = E6/F4 is unstable.
Proof. Since AII(3) is a reﬂective submanifold in EIV , AII(3) is a totally geodesic orbit of a Hermann action of H = SU(2) ·
SU(6) by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u, where g = su(6) and u = e6. We
have u = ρ(g)⊕g⊥ , where g⊥ is the orthogonal complement of ρ(g) in u. g⊥ is a g-module and we have a simple g-module
decomposition:
g⊥ = g⊥1 ⊕ g⊥2 ⊕ g⊥3 ⊕ g⊥4 ⊕ g⊥5 ,
where g⊥1 ⊕ g⊥2 ⊕ g⊥3 ∼= su(2) and g⊥4 ⊕ g⊥5 ∼= ToEII. We denote each irreducible representation of g on g⊥i by μi (1 i  5).
The representation μi (1 i  3) is trivial and μ j (4 j  5) is equivalent to the restriction of the isotropy representation
of EII to SU(6), where g⊥i ∼= R (i = 1,2,3) and g⊥j ∼= V3(A5) ( j = 4,5). By using Freudenthal’s formula, we ﬁnd that the
eigenvalue of the Casimir operator of μ j ( j = 4,5) is equal to −21/2. Thus we have the index( f ):
index( f ) =
5∑
i=4
∑
λ∈D
dimHomSp(3)
(
Vλ,
(
m⊥i
)C)
dim Vλ,
where D = {0,1(A5),2(A5),4(A5),5(A5)}. Since m⊥ is isomorphic with ToHP3 and m⊥i = {0} (i = 1,2,3), we obtain
m⊥ = m⊥4 ⊕ m⊥5 . Now m⊥ is isomorphic with the representation space of the isotropy representation of HP3, so (m⊥)C ∼=
V1(C1) ⊗ V1(C3) . When we restrict the representation to Sp(3), we obtain the decomposition (m⊥)C ∼= V1(C3) ⊕ V1(C3) .
Thus we have (m⊥i )
C ∼= V1(C3) (i = 4,5). As for λ = 5(A5), by [11] V5(A5) = V1(C3) holds. Therefore index( f ) = 0. 
Proposition 3.9. An inclusion map f : G/K = Sp(4)/(Sp(1) × Sp(3)) → U/L = E6/F4 is unstable.
Proof. Since HP3 is a reﬂective submanifold in EIV , HP3 is a totally geodesic orbit of a Hermann action of H = Sp(4)
by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u, where g = sp(4) and u = e6. We have
u = ρ(g) ⊕ g⊥ , where g⊥ is the orthogonal complement of ρ(g) in u. g⊥ is a simple g-module, g⊥ ∼= To E I . We denote the
irreducible representation of g on g⊥ by μ. The representation μ is equivalent to the isotropy representation of EI as a
g-module. By using Freudenthal’s formula, we ﬁnd that the eigenvalue of the Casimir operator of μ is equal to −18. Thus
we have the index( f ):
index( f ) =
∑
dimHomSp(1)×Sp(3)
(
Vλ,
(
m⊥
)C)
dim Vλ.λ∈{0,1(C4),2(C4)}
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Sp(3)-module. Thus we obtain (m⊥)C ∼= V2(C3) as a Sp(3)-module. As for λ = 2(C4), by [11] we have the following
decomposition as a Sp(3)-module:
V2(C4) = (C ⊗ V2(C3)) ⊕ (V1(A1) ⊗ V1(C3)) ⊕ (C ⊗ C).
Therefore index( f ) = 0. 
3.2. Type B2
Case of Go2(R
n+2) = SO(n + 2)/(SO(2) × SO(n)).
Theorem 3.10. (See [3].) Any maximal totally geodesic submanifold in Go2(R
n+2) (n 3) is isomorphic with one of Go2(Rn+1), CP [
n
2 ]
and Sp · Sq (p + q = n).
Because Go2(R
n+2) is a Hermitian symmetric space, we can conclude that both Go2(Rn+1) and CP
[ n2 ] are stable by
Lemma 2.4. Since Sp · Sq (p + q = n) is a symmetric R-space, it is unstable [15].
3.3. Type C2
Case of Sp(2) = (Sp(2) × Sp(2))/Sp(2).
Proposition 3.11. (See [6].) Any maximal totally geodesic submanifold M in Sp(2) is isomorphic with one of Go2(R
5), S4, S1 · S3 or
S3 × S3 .
S4 is a polar and S3 × S3 is its meridian in Sp(2) [12]. Both S4 and S3 × S3 are stable in Sp(2) [16]. Since Go2(R5) is a
centriole of s-size, it is unstable [16].
Proposition 3.12. An inclusion map f : G/K = S1 · S3 → U/L = (Sp(2) × Sp(2))/Sp(2) is unstable.
Proof. Since S1 · S3 is a reﬂective submanifold in Sp(2) by [8], S1 · S3 is a totally geodesic orbit of a Hermann action of
H = U (2) × U (2) by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u, where g = u(2) ⊕ u(2)
and u = sp(2) ⊕ sp(2). We have u = ρ(g)⊕ g⊥ , where g⊥ is the orthogonal complement of ρ(g) in u. g⊥ is a g-module and
we have a simple g-module decomposition g⊥ = g⊥1 ⊕g⊥2 , where g⊥1 ∼= ToCI(2) and g⊥2 ∼= ToCI(2). We denote each irreducible
representation of g on g⊥i by μi (i = 1,2). The representation μi (i = 1,2) is equivalent to the isotropy representation of
CI(2) as a su(2)-module, where g⊥i ∼= C⊗ V21(A1) (i = 1,2). By using Freudenthal’s formula, we ﬁnd that the eigenvalue of
the Casimir operator of μi (i = 1,2) is equal to −4. Thus we have the index( f ):
index( f ) =
2∑
i=1
∑
λ∈{0,1(A1)+0,0+1(A1),
1(A1)+1(A1)}
dimHomU (2)
(
Vλ,
(
m⊥i
)C)
dim Vλ.
Since m⊥i (i = 1,2) is isomorphic with Sp(2)/U (2) ∼= Go2(R5), a U (2)-action on m⊥i is equivalent to the isotropy representa-
tion of Go2(R
5) as a SU(2)-module. Thus we obtain (m⊥i )
C ∼= V21(A1) as a SU(2)-module. As for 1(A1)+1(A1), we have
the following decomposition as a SU(2)-module:
V1(A1) ⊗ V1(A1) = V21(A1) ⊕ C.
Therefore index( f ) = 0. 
Case of G2(H4) = Sp(4)/(Sp(2) × Sp(2)).
Proposition 3.13. (See [6].) Any maximal totally geodesic submanifold M in G2(H4) is isomorphic with one of Sp(2),HP2 , S1 · S5 ,
S4 × S4 and G2(C4).
S4 × S4 is a polar and isomorphic with its meridian in G2(H4) [12]. By [16] S4 × S4 is stable in G2(H4). Since Sp(2) is a
centriole of s-size, it is unstable [16].
S1 · S5 and Sp(2) are orthogonal complements to each other and the orthogonal complement to HP2 (resp. G2(C4)) is
isomorphic with HP2 (resp. G2(C4)). Hence they are reﬂective submanifolds in G2(H4) by [8].
Proposition 3.14. An inclusion map f : G/K = S1 · S5 → U/L = Sp(4)/(Sp(2) × Sp(2)) is unstable.
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by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u, where g = R ⊕ su(4) and u = sp(4). We
have u = ρ(g) ⊕ g⊥ , where g⊥ is the orthogonal complement of ρ(g) in u. g⊥ is a simple g-module, where g⊥ ∼= ToCI(4).
We denote the irreducible representation of g on g⊥ by μ. The representation μ is equivalent to the isotropy representation
of CI(4) as a su(4)-module. By using Freudenthal’s formula, we ﬁnd that the eigenvalue of the Casimir operator of μ is
equal to −9. Thus we have the index( f ):
index( f ) =
∑
λ∈D
dimHomSp(2)
(
Vλ,
(
m⊥
)C)
dim Vλ,
where D = {0,1(A3),2(A3),3(A3), (1 + 3)(A3)}. Since m⊥ is isomorphic with ToSp(2), a Sp(2)-action on m⊥ is
equivalent to the isotropy representation of Sp(2) as a Sp(2)-module. Thus we obtain (m⊥)C ∼= V21(C2) as a Sp(2)-module.
As for λ = (1 + 3)(A3), by [11] we have the following decomposition as a Sp(2)-module:
V (1+3)(A3) = V21(C2) ⊕ V2(C2).
Therefore index( f ) = 0. 
Proposition 3.15. An inclusion map f : G/K = Sp(3)/(Sp(1) × Sp(2)) → U/L = Sp(4)/(Sp(2) × Sp(2)) is stable.
Proof. Since HP2 is a reﬂective submanifold in G2(H4), HP2 is a totally geodesic orbit of a Hermann action of H = Sp(1)×
Sp(3) by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u, where g = sp(3) and u = sp(4).
We have u = ρ(g) ⊕ g⊥ , where g⊥ is the orthogonal complement of ρ(g) in u. g⊥ is a g-module and we have a simple
g-module decomposition:
g⊥ = g⊥1 ⊕ g⊥2 ⊕ g⊥3 ⊕ g⊥4 ⊕ g⊥5 ,
where g⊥i ∼= R (i = 1,2,3) and g⊥i ∼= V1(C3) (i = 4,5) and we note that g⊥1 ⊕ g⊥2 ⊕ g⊥3 ∼= sp(1) and g⊥4 ⊕ g⊥5 ∼= V1(C3) ⊕
V1(C3) . We denote each irreducible representation of g on g
⊥
i by μi (1 i  5). The representation μi (i = 1,2,3) is trivial
and μ j ( j = 4,5) is equivalent to the restriction of the isotropy representation of HP3 to Sp(3). By using Freudenthal’s
formula, we ﬁnd that the eigenvalue of the Casimir operator of μ j ( j = 4,5) is equal to −7. Thus we have the index( f ):
index( f ) =
5∑
i=4
dimHomSp(1)×Sp(2)
(
C,
(
m⊥i
)C)
.
Since m⊥ is isomorphic with ToHP2 and m⊥i = {0} (i = 1,2,3), we obtain m⊥ = m⊥4 ⊕ m⊥5 . Now m⊥ is isomorphic with
the representation space of the isotropy representation of HP2, so (m⊥)C ∼= V1(C1) ⊗ V1(C2) . When we restrict the rep-
resentation to Sp(2), we obtain the decomposition (m⊥)C = V1(C2) ⊕ V1(C2) . Thus we have (m⊥i )C = V1(C2) (i = 4,5).
Therefore index( f ) = 0. 
Proposition 3.16. An inclusion map f : G/K = SU(4)/S(U (2) × U (2)) → U/L = Sp(4)/(Sp(2) × Sp(2)) is unstable.
Proof. Since G2(C4) is a reﬂective submanifold in G2(H4), G2(C4) is a totally geodesic orbit of a Hermann action of H =
U (4) by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u, where g = su(4) and u = sp(4). We
have u = ρ(g) ⊕ g⊥ , where g⊥ is the orthogonal complement of ρ(g) in u, where g⊥ ∼= R ⊕ ToCI(4). g⊥ is a g-module and
we have a simple g-module decomposition g⊥ = g⊥1 ⊕ g⊥2 , where g⊥1 ∼= R and g⊥2 ∼= ToCI(4). The representation μ1 is trivial
and μ2 is equivalent to the isotropy representation of CI(4) as a su(4)-module. By using Freudenthal’s formula, we ﬁnd that
the eigenvalue of the Casimir operator of μ2 is equal to −9. Thus we have the index( f ):
index( f ) =
∑
λ∈{0, 1(A3),2(A3),
3(A3),(1+3)(A3)}
dimHomS(U (2)×U (2))
(
Vλ,
(
m⊥2
)C)
dim Vλ.
Since m⊥2 is isomorphic with ToG2(C4) and m⊥1 = {0}, a SU(2) × SU(2)-action on m⊥2 is equivalent to the isotropy represen-
tation of G2(C4) as a SU(2) × SU(2)-module. Thus we obtain (m⊥2 )C ∼= V2(A1) ⊕ V2(A1) as a SU(2) × SU(2)-module. As for
λ = 1(A3), by [11] we have the following decomposition as a K -module:
V1(A3) = V2(A1) ⊕ V2(A1).
Therefore index( f ) = 0. 
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Case of GI = G2/SO(4).
Proposition 3.17. (See [6].) Any maximal totally geodesic submanifold M in GI is isomorphic with one of AI(3),CP2 and S2 · S2 .
S2 · S2 is a polar and isomorphic with its meridian in GI [12] and it is unstable by [16].
Proposition 3.18. An inclusion map f : G/K = SU(3)/U (2) → U/L = G2/SO(4) is stable.
Proof. We take a Cartan subalgebra h in g2. Then we have the root decomposition of g2 with respect to h:
g2 = h ⊕
∑
α∈R+(G2)
gα,
where R+(G2) = {α1,α2,α1 + α2,2α1 + α2,3α1 + α2,3α1 + 2α2} is a set of positive roots of G2. We take a subset D+
of R+(G2):
D+ = {α2,3α1 + α2,3α1 + 2α2}.
Put
g := h⊕
∑
α∈D+
gα
and
g′ := h ⊕ gα1 ⊕ g3α1+2α2 .
Then we have g ∼= su(3), g′ ∼= so(4) and g ∩ g′ ∼= u(2). Thus (g,g ∩ g′) is a symmetric pair and g/g ∩ g′ is isomorphic with
the tangent space of CP2. We denote the Lie algebra monomorphism by ρ :g → u. Then we have u = ρ(g) ⊕ g⊥ where g⊥
is the orthogonal complement to g in u. By the bracket relation [gα,gβ ] ⊂ gα+β , we conclude that the action of g on g⊥ is
an irreducible representation which is equivalent to the action of su(3) on C3. By using Freudenthal’s formula, we ﬁnd that
the eigenvalue of the Casimir operator of the action is equal to −8/3. Thus we have the index( f ):
index( f ) = dimHomU (2)
(
C,
(
m⊥
)C)
.
Moreover, the action of g ∩ g′ ∼= u(2) on m⊥ = gα1+α2 ⊕ g2α1+α2 is equivalent to the action of u(2) on C2. Thus we obtain
(m⊥)C ∼= C ⊗ V1(A1) . Therefore index( f ) = 0. 
Proposition 3.19. An inclusion map f : G/K = SU(3)/SO(3) → U/L = G2/SO(4) is stable.
Proof. Let u = l⊕ p be the canonical decomposition of GI, where u = g2, l = so(4) and p ∼= ToGI. We take a maximal Abelian
subspace a in p. Then we have the restricted root decomposition of g2 with respect to a:
u =
∑
α∈R+(GI)
lα ⊕ a ⊕
∑
α∈R+(GI)
pα,
where R+(GI) = R+(G2). We take a subset D+ of R+(GI):
D+ = {α2,3α1 + α2,3α1 + 2α2}.
Put
g :=
∑
α∈D+
lα ⊕ a ⊕
∑
α∈D+
pα.
Then g is isomorphic with su(3) and g ∩ l ∼= so(3). Thus (g,g ∩ l) is a symmetric pair and g/g ∩ l is locally isomorphic
with AI(3). Let ρ :g → u be the Lie algebra monomorphism map. Then we have u = ρ(g) ⊕ g⊥ where g⊥ is the orthogonal
complement to g in u and g⊥ = (lα1 ⊕pα1 )⊕(lα1+α2 ⊕pα1+α2 )⊕(l2α1+α2 ⊕p2α1+α2 ). Then the action of g on g⊥ is irreducible
in the same way as Proposition 3.18. Thus we have the index( f ):
index( f ) = dimHomSO(3)
(
C,
(
m⊥
)C)
.
Also the action of g ∩ l ∼= so(3) on m⊥ = pα1 ⊕ pα1+α2 ⊕ p2α1+α2 is equivalent to the action of so(3) on R3. Thus we obtain
(m⊥)C ∼= V1(A1) . Therefore index( f ) = 0. 
Case of G2 = (G2 × G2)/G2.
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GI is a polar and S3 · S3 is its meridian in G2 [12]. By [16] both GI and S3 · S3 are unstable in G2. Because SU(3) is a Lie
subgroup of Dykin index 1 in G2, SU(3) is stable by [10].
3.5. Type BC2
Case of G2(Cn+2).
Proposition 3.21. (See [6].) Anymaximal totally geodesic submanifold M in G2(Cn+2) is isomorphic with one of G2(Cn+1), G2(Rn+2),
CPk × CPl (k + l = n) and HP [ n2 ] .
Because G2(Cn+2) is a Hermitian symmetric space, we can conclude that both G2(Cn+1) and CPk × CPl (k + l = n) are
stable by Lemma 2.4. Since G2(Rn+2) is a symmetric R-space, it is unstable [15]. Since G2(Cn+2) is a quaternionic Kähler
manifold and HP [ n2 ] is a quaternionic Kähler submanifold in G2(Cn+2), HP [
n
2 ] is stable by Lemma 2.5.
Case of G2(Hn+2).
Proposition 3.22. (See [6].) Anymaximal totally geodesic submanifold M in G2(Hn+2) is isomorphic with one of G2(Hn+1), G2(Cn+2)
and HPk × HPl (k + l = n).
By [8], G2(Hn+1), G2(Cn+2) and HPk ×HPl (k+ l = n) are reﬂective submanifolds in G2(Hn+2). The orthogonal comple-
ment to G2(Hn+1) is G2(H3) and each of G2(Cn+2) and HPk×HPl (k+l = n) is isomorphic with its orthogonal complement.
Proposition 3.23. An inclusion map
f : G/K = Sp(n + 1)/(Sp(2) × Sp(n − 1))→ U/L = Sp(n + 2)/(Sp(2) × Sp(n))
is stable.
Proof. Since G2(Hn+1) is a reﬂective submanifold in G2(Hn+2), G2(Hn+1) is a totally geodesic orbit of a Hermann action of
H = Sp(1)× Sp(n+1) by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u, where g = sp(n+1)
and u = sp(n + 2). We have u = ρ(g) ⊕ g⊥ , where g⊥ is the orthogonal complement of ρ(g) in u, where g⊥ ∼= sp(1) ⊕
ToHPn+1. g⊥ is a g-module and we have a simple g-module decomposition:
g⊥ = g⊥1 ⊕ g⊥2 ⊕ g⊥3 ⊕ g⊥4 ⊕ g⊥5 ,
where g⊥1 ⊕ g⊥2 ⊕ g⊥3 ∼= sp(1) and g⊥4 ⊕ g⊥5 ∼= ToHPn+1 and we note that g⊥i ∼= R (i = 1,2,3) and g⊥i ∼= V1(Cn+1) (i = 4,5).
We denote each irreducible representation of g on g⊥i by μi (1 i  5). The representation μi (i = 1,2,3) is trivial and μ j
( j = 4,5) is equivalent to each irreducible component of the restriction of the isotropy representation of HPn+1 to Sp(n+1).
By using Freudenthal’s formula, we ﬁnd that the eigenvalue of the Casimir operator of μ j ( j = 4,5) is equal to −(2n + 3).
Thus we have the index( f ):
index( f ) =
5∑
i=4
dimHomSp(2)×Sp(n−1)
(
C,
(
m⊥i
)C)
.
Since m⊥ is isomorphic with ToHP2 and m⊥i = {0} (i = 1,2,3), we obtain m⊥ = m⊥4 ⊕ m⊥5 . Now m⊥ is isomorphic with
the representation space of the isotropy representation of HP2, so (m⊥)C ∼= V1(C1) ⊗ V1(C2) . When we restrict the rep-
resentation to Sp(2), we obtain the decomposition (m⊥)C = V1(C2) ⊕ V1(C2) . Thus we have (m⊥i )C ∼= V1(C2) (i = 4,5).
Therefore index( f ) = 0. 
Proposition 3.24. An inclusion map
f : G/K = SU(n + 2)/S(U (2) × U (n))→ U/L = Sp(n + 2)/(Sp(2) × Sp(n))
is unstable.
Proof. Since G2(Cn+2) is a reﬂective submanifold in G2(Hn+2), G2(Cn+2) is a totally geodesic orbit of a Hermann action of
H = U (n + 2) by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u, where g = su(n + 2) and
u = sp(n + 2). We have u = ρ(g) ⊕ g⊥ , where g⊥ is the orthogonal complement of ρ(g) in u, where g⊥ ∼= R ⊕ ToCI(n + 2).
g⊥ is a g-module and we have a simple g-module decomposition g⊥ = g⊥1 ⊕ g⊥2 , where g⊥1 ∼= R and g⊥2 ∼= ToCI(n + 2). We
denote each irreducible representation of g on g⊥ by μi (i = 1,2). The representation μ1 is trivial and μ2 is equivalent toi
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of the Casimir operator of μ2 is equal to −2(n + 1)(n + 4)/(n + 2). Thus we have the index( f ):
index( f ) =
∑
λ∈{0,1(An+1),2(An+1),3(An+1)}
dimHomS(U (2)×U (n))
(
Vλ,
(
m⊥2
)C)
dim Vλ.
Since m⊥2 is isomorphic with ToG2(Cn+2) and m⊥1 = {0}, a SU(2) × SU(n)-action on m⊥2 is equivalent to the isotropy repre-
sentation of G2(Cn+2) as a SU(2)× SU(n)-module. Thus we obtain (m⊥2 )C ∼= V1(A1) ⊕ V1(An−1) as a SU(2)× SU(n)-module.
As for λ = 2(An+1), we have the following decomposition as a K -module:
V2(An+1) = C ⊕ V2(An−1) ⊕ V1(A1) ⊗ V1(An−1).
Therefore index( f ) = 0. 
Proposition 3.25. An inclusion map
f : G/K = Sp(k + 1)/(Sp(1) × Sp(k))× Sp(l + 1)/(Sp(1) × Sp(l)) (k + l = n)
→ U/L = Sp(n + 2)/(Sp(2) × Sp(n))
is stable.
Proof. Since HPk × HPl is a reﬂective submanifold in G2(Hn+2), HPk × HPl is a totally geodesic orbit of a Hermann
action of H = Sp(k + 1) × Sp(l + 1) by Proposition 1.12. The Hermann action gives rise to a monomorphism ρ :g → u,
where g = sp(k + 1) ⊕ sp(l + 1) and u = sp(n + 2). We have u = ρ(g) ⊕ g⊥ , where g⊥ is the orthogonal complement
of ρ(g) in u, where g⊥ ∼= ToGk+1(Hn+2) ∼= ToGl+1(Hn+2). We denote the irreducible representation of g on g⊥ by μ. The
representation μ is equivalent to the isotropy representation of Gk+1(Hn+2) ∼= Gl+1(Hn+2) as a g-module. Here we consider
the index( f ):
index( f ) =
∑
λ∈D(G)
aλ>a
dimHomK
(
Vλ,
(
m⊥
)C)
dim Vλ.
Since m⊥ is isomorphic with ToGk+1(Hn+2) ∼= ToGl+1(Hn+2) and m⊥ is a K -module, for any λ ∈ D(G), any simple K -
submodule of Vλ is not isomorphic with (m⊥)C as a K -module. Therefore index( f ) = 0. 
Proposition 3.26. (See [6].) Any maximal totally geodesic submanifold M in DIII(5) is isomorphic with one of Go2(R
8), G2(C5), SO(5),
S2 × CP3 and CP4 .
Because DIII(5) is a Hermitian symmetric space, we can conclude that Go2(R
8),G2(C5), S2 × CP3 and CP4 are stable by
Lemma 2.4. Since SO(5) is a symmetric R-space, it is unstable [15].
Proposition 3.27. (See [6].) Any maximal totally geodesic submanifold M in EIII is isomorphic with one of G2(H4)/Z2,OP2, S2 ×
CP5,DIII(5),Go2(R
10) and G2(C6).
Because EIII is a Hermitian symmetric space, we can conclude that S2 × CP5,DIII(5),Go2(R10) and G2(C6) are stable
by Lemma 2.4. Since G2(H4)/Z2 and OP2 are symmetric R-spaces, we conclude that G2(H4)/Z2 is unstable and OP2 is
stable [15].
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